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ABSTRACT

We consider the problem of the classification of finite groups according to the
number of conjugacy classes through the classification of all the finite groups
with many minimal normal subgroups.

1. Introduction

In this work, G will denote a finite group, r = r(G) the number of conjugacy
classes, Clg (g1) = {1}, Clg (82),...,Cls (g ) the conjugacy classes of G ordered so
that [Cls (g)| =|Cls (g)| forall i =1,...,r, A= A¢ = (| Cs (g1)],-..,| Cs(8))),
B(G) the number of minimal normal subgroups of G and « (G) the number of
conjugate classes of G not contained in the socle S(G).

The possibility of classifying finite groups according to the number r(G) and
to some properties of their conjugacy classes was suggested in [2]. Around 1910,
G. A. Miller and W. Burnside (cf. [2], Note A) derived those finite groups with
r(G)=5. D. T. Sigley (cf. {19]) in 1935 studied those with r(G)=6, and for
r(G)=17 he derived those with non-trivial centre, but his list for 7(G) =6 was
incomplete. In 1966, J. Poland (cf. [17]) obtained all finite groups with r(G)=6
and r(G)="7.

In 1974 L. F. Kosvintsev (cf. [12]) classified all finite groups with exactly eight
conjugate classes working with an I.LB.M. and needing a large amount of
calculations to select the valid solutions among those proposed by the computer.

In 1976 (cf. [16]) V. A. Odincov and A. L. Starostin got all finite groups with
r(G)=9.
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In 1978, A. G. Aleksandrov and K. A. Komissarcik (cf. [1]) classified all simple
finite groups with r(G)=12.

Other works related to the above-mentioned problems are those of A. Mann
(cf. [14]), W. Feit and J. Thompson (cf. [6]), M. Suzuki (cf. [20]) and the work of
F. M. Markell (cf. [15]), where he classified the supersolvable groups with many
conjugacy classes with different cardinality. He proved that if
|Cle (g)| #|Clg (g)| for every i#j and G is supersolvable, then G is isomor-
phic to 2.

In this paper, we approach the problem of the classification of finite groups
according to the number r(G) in a different way to the one used by the
aforementioned mathematicians. We consider this problem through the classifi-
cation of all the finite groups with many minimal normal subgroups.

Since each minimal normal subgroup is generated by the elements of a
conjugacy class, our problem is equivalent to the classification of the families
®, ={G IB(G)= r(G)—j} for small values of the natural number j.

In this paper, the families ®;, i =1,2,...,10 are classified. Moreover, as an
immediate corollary we find not only the previously known classification of finite
groups with r(G)=9, but also that of those finite groups satisfying one of the
following conditions:

) r(G)=10,

@ity r(G)=11,

(iii) r(G)=12 and B(g)>1,

(iv) r(G)=13 and B(G)>2,

(v) r(G)=14 and B(G)>3,

(vi) r(G)=n and B(G)=n —a with 1= a =10, for each integer n = 15.

The analysis of the groups in ®; is done in three steps. First we study
¥, =®; NT, I being the class of finite nilpotent groups (cf. [22]). Afterwards we
study the groups of ®; — ¥; with S(G) non-solvable (Theorem 3.2) and finally
we get all the groups in ®; — ¥; with S(G) abelian, by fixing the number a(G)
and studying the solutions of the associated equations (1) and (2) (Lemmas (2.1)
and (2.2) with N = $(G)). These yield all possible structures of S(G) and all
possible actions by conjugation of G/S(G) over S(G), as well as the associated
values of r(G).

All reasoning corresponding to groups with different values of r(G) and the
same a(G) is no longer needed. Moreover, many of the r-tuples (m;,...,m,)
that are solutions of the equation:

(*) 1= 21 1/m;, m; = | Co ()|



Vol. 51, 1985 CONJUGACY CLASSES 307

and for which no corresponding group exists do not show up in our analysis. This
eliminates the sophisticated aiguments used to show that those r-tuples do not
have a corresponding group, simplifying all the proofs known up to now for the
cases r(G)=09.

In this paper, the following notation will be used throughout:

| A| denotes the cardinal of the set A,

U is the symbol of disjoint union,

C} denotes an elementary abelian p-group of order p™,

C.» denotes a cyclic group of order m,

Y denotes a direct product of elementary abelian groups, i.e., a group of the
type C,' X -+ x C,',

H, a direct product of elementary abelian groups of odd orders,

N X;K, semidirect product of N and K with fixed-point-free action f (abbrev.
f acts f.p.f.), i.e., a Frobenius’s group of kernel N and complement K,

N %, K, semidirect product of N and K, with N as a normal subgroup with
respect to the action A.

We use the standard notation for the non-abelian simple groups that appear in
this work.

P, denotes a 2-group of type PSL(3,4), i.e., isomorphic to a Sylow 2-subgroup
of PSL(3,4),

P,, a 2-group of type PSU(3,4),

P;5, a 2-group of type Sz(8),

Q., a non-abelian 3-group of order 3’ and exponent 3,

Q:, a non-abelian 3-group of order 3* and exponent 9,

3., the symmetric group of degree m,

D,.., the dihedral group of order 2m,

Q,~, the quaternion group of order 2™,

SD,~, the semidihedral group of order 2",

Hol G, holomorph of G,

Hol(G, K), relative holomorph of G and K,

C:.PSL(2,7), the unique non-split extension of C; by PSL(2,7),

(N:N)x, a direct product of subgroups N, and N, with amalgamated subgroup
K,

2"'T'ic;, j-th group of order 2" of the family T, with genus ¢; (Hall-Senior’s
notation, cf. [22]),

2"T';, the set of groups of order 2" of the family I'; (cf. [22]),
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SL(2,3). C., the unique extension of C; by 3, which has Sylow 2-subgroups of
type Qus.

If S, T are subsets of G, we write S” for the subset consisting of all conjugate
elements x* =y 'xy with x €S, y € T. Thus

ST={x" |x €S yeT)

Also we define:

F.=C;, F,= ngfcz, F,= glecs,

Fu= Cix;C,= (lI{a:)) X, (b) with relations: a;= a: for every i

Fs= C5%,Cs= (lI{a:)) X; (b} with relations: a?= a: for every i,

Fo= C¥%,C; = (II{a:) X (b;) X {c:)) X; (d) with relations: a{ = b, b{=c;, ¢{ =
a:b; for every i,

F,, = C¥X%;Cs = (II{a;) X (b:)) X; (c) with relations: ai = b;, b; = a:b; for every
i,

Fs= Ci;x,Cyo = (II{a;))X;(b) with relations: a}= a; for every i

Finally, if & # S C G, we define

r6(8) = {Cls (8)| Clo (g) N S # 2}

Clearly, rs(S) is the number of conjugacy classes of G that compose the normal
set U,e68% and if U,e6x®S(G)= Ui Cls (x) with |Cs(x;)] =] Co(x)]
(hence t = r;(xS(G))), we define

B = (| o)., Calm))).
Now, the finite groups satisfying the conditions r(G)=11, and r(G)=12,
B(G)>1, are described in Tables 1-4, which list the r-tuples A =(m,...,m,)
and the structures of G/S(G).

2. Preliminaries

In the following, N is a normal subgroup of G, G = G/N, Cls (%)=
{1},...,Cls (%) are the conjugacy classes of G, and

T, ={g € G|Cla (g) N x;N# @} = Clo (xm) U -+ U Clg (x;m,)
with n, € N and s; = rg(x;N). We have:
LemMma 2.1. (i)

) r6(G — N) = 2 ro(xN).
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HG) G A GiS(G)
1 {4 (0] 1
2 C, 2,2) 1
C, (3,3,3) 1
3 3, 6.3,2) C,
C, 4,4,4.9) C,
C,xC, 4,4,4,4) 1
4 D, (10.5,5,2) G,
A, (12.4,3,3) C,
C, (5,5,5,5,5) 1
D, (8,8,4,4,4) C,x C
0. (8,8,4.4,4) C.x G,
5 D, (14,7,7,7,2) G
Csx,C, (20,5,4,4,4) C.
G, x,C, (21,7,7,3,3) C,
s, (24,8,4.4,3) 3,
A, (60,5,5,4,3) 1
C, (6,6,6,6,6,6) 1
G, %3, (12,12,6,6,4,4) C,
DC, (12,12,6,6,4,4) C
D, (18,9,9,9,9,2) 3,
6 Ci%,C, (18,9,9,9,9,2) C.
C2x,C, (36,9,9,4,4,4) C,
Cix,0, (72,9,8,4,4,4) Q,
PSL(2,7) (168,8,7,7.4,3) 1
G, (7,7,7,7,7,7,7) 1
Dy (16,16,8,8,8,4,4) D,
0. (16,16,8,8,8,4,4) D,
SD,, (16,16,8,8,8,4,4) D,
D,, 22,11,11,11,11,11,2) C
SL(2,3) (24,24,6,6,6,6,4) A,
7 Ci: %, C, (39,13,13,13,13,3,3) o
C,%,C, (42,7,6,6,6,6.6) C,
Ci, X, C, (52,13,13,13,4,4,4) C,
Ci %, Cs (55,11,11,5,5,5,5) Cs
S5 (120,12,8,6.6,5,4) C,
A (360,9,9,8,5,5,4) 1
C, (8,8,8,8,8.,8,8,8) C,
C,xC, (8,8,8,8,8,8.8,8) C,
C.xC,xC, (8,8,8,8,8,8,8,8) 1
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TaBLE 1 (contd.)

nG) G A GI5(G)
C,x D, (20,20,10,10,10,10,4.4) C
Csx, C, (20,20,10,10,10,10,4,4) G,

C, ¥ A, (24.24.8,8.6,6,6.,6) C,
D., (26,13,13,13,13,13.13.2) C,

8 Cix,C, (48,16,16,16,16,16.3,3) C,
Cix,C, (48,16,16,16,16,16,3.3) A,
GL(2,3) (48,48,8.8.8.6,6,4) s,
SL(2,3).C, (48,48,8.8,8,6,6,4) s,
Cix,C, (56,8,7.7,7.7.7,7) ol
Ci,x,C, (68,17,17,17,17,4.4,4) C,
Cix,C, (78,13,13,6,6,6,6,6) C.
Cix,Cs (80,16.16,16,5,5,5.5) C,
Hol{(C3,C,%,Cs)  (168,24.7,7,6,6,6.6) C.x,C,
Cix,0, (200,25,25,25.8,4,4.4) Q.

8 Cix,DC, (300,25,25,12,6.6,4,4) DC,
Cix,SL(2,3) (600,25,24,6.6,6,6,4) SL(2.3)
PSL{2,11) (660,12,11,11,6,6.,5,5) ]
M,=PGL*(2,9) (720,16.9,8,8,8,5.4) C,

C, 9,9,9,9,9,9.9,9.9) C,
C.x C, (9,9,9,9,9.9,9,9.9) 1

C,x3, (18,18,18,9,9,9,6,6,6) G,
C,,%,C, (24,24,12,12,12,12.12,4,4) &
C,x, D, (24,24,12,12,12,12,12,4,4) C:
C, %, O, (24.24,12,12.12.12,12,4,4) C:
Dy, (30,15,15.15,15,15,15,15,2) C,
S, x5, (36,18,18,12,12,9,6,6,4) c?
Co%,C, (57,19,19,19,19,19,19,3,3) C,
Cx,C, (60,30,15,15,15,12,6.4,4) C,
C:x,C, (72.9,8.8,8,8.8,8,8) C,
C2x, D, (72,18,18,12,12,8,6,6,4) D,
Cix, D, (72,36,24,12,9,9,9,4,4) s,

9 (C,x A)X, C, (72,36,24.12,9,9,9,4,4) s,
Cio%,C, (114,19,19,19.,6,6,6,6,6) C,
SL(2.5) (120,120, 10, 10,10,10,6,6,4) A,
Hol(C?,8D,) (144,18,16,12,8,8,8.6,4) SD,,

P, x,C, (192,64,16,16,16,16,16,3.3) Cix,C,
P,x,C, (192,64,16,16,16,16,16,3,3) Cix,C,
PGL(2,7) (336,16,12,8,8,8,7,6.6) C,

SL(2,8) (504,9,9.9,9.8.7,7,7) 1

Cix, A, (960,64,16,16,16,16,5,5.3) A,
PSL(2,13) (1092,13,13,12,7,7,7,6,6) 1
C3x,SL(2,3) (1176,49,49,24,6,6,6,6,4) SL(Z,3)
C3%,SL(2,3).C,  (2352,49,48,8,8,8,6,6,4) SL(2.3)-C,
A, (2520,36,24,12,9,7.7,5.4) 1
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(i) If % is conjugate to y; in G, then ro(x;N)= rc(y;N).

(i) 1| Cs(%)| =21 1| Co(xme)] (cf. [16]) and o(X;) divides | Cs(x;m)| for
every k =1,...,s;.

(iv) ra(x;N)=1if and only if | Cs(x;)| =| C5(%)|. Furthermore in this case, we
have x;N C Cls (x;) (cf. [16]).

TaBLE 2. The finite groups with exactly ten conjugacy classes

G A G/S(G) Reference
C, (10,10,10,10,10,10,10.10,10,10) 1 (2.17)
C,x D, {16,16,16.16,8,8.8,8.8.8) C: (2.17)
C,x 0O, (16.16.16,16,8,8.%.8.8.8) Ci 2.17)
C,x,C, (16,16,16,16,8,8.8,8.8.8) C3 (2.17)
(Cx C)x,, C, (16,16,16,16,8,8,8.8.%.8) C: (2.17)
C.x, C. (16,16,16,16,8.8,8.8,8.8) D, (2.17)
(C,x C)x,.C, (16.16,16,16.8.8,8.8,8,8) Ci (2.17)
C,x,C, (28,28,14,14,14,14,14,14,4.4) C, 2.19)
C,xD,, (28,28,14,14,14.14.14,14,4,4) C, (2.19)
C,x,C, (34,17,17.17.17,17,17.17,17.2) C. (2.18)
C.x, C, (40,40,10,10,8.8,8.8,8,8) C, 42)
C, x Hol C, (40,40,10,10,8,8,8,8,8,8) C, @.2)
C.X(C,%,C,) (42,42,14,14,14,14,6.6,6,6) C. “.n
C,x3, (48.48,16,16,8,8.8.8.6,6) s, “2)
(C.x C;)x, DC, (48,48,16,16,8,8.8,8.6.6) s, @.2)
Q,%,,C: (54,54,54,9,9.9.9.6.6,6) Cix,C, (4.2)
0,x,,C, (54,27,18,18,9,9.9,6,6.6) C, x5S, @11
Q.x,C, (54,27,18,18.9,9,9.6.6.6) C,x3, .10
Cix, 3, (96.32,32,32,16,8,5.8,8,3) s, (4.2)
Cix,. C, (96,32,24,16,16,8,6.6.6.6) C.x A, (4.8)
(C,XCYX, 3, (96,32,32,32,16.8,8.8.8,3) s, 4.2)
(C.x C)x,C, (96,32,24,16,16.8.6.6.6,6) C,x A, (4.8)
Cix,. C, (96,32,24,16,16,8.6.6,6,6) C.x A, @.8)
(Cox €)%, C, (100,25,25,25,25,25,25,4,4.4) C, 2.20)
(Csx Cy)%,, C, (100,25,25,25,25,25,25,4,4,4) C, (2.20)
(Csx C)%,, C, (100,25,25,25,25,25,25,4,4,4) C, (2.20)
C.s%,C, (100,25,25,25,25,25,25,4,4.4) Hol C, 42
C, ¥ A, (120,120,10,10,10,10,8.8,6,6) 1 (3.2)
C,%,C, (136,17,17,8,8,8,8,8.8.8) C, (4.8)
(Csx C)%,C, (150,25,25,25,25,6.6,6.6.6) C, @2
Cix, D, (160,32,32,32,8,8.8,8,5,5) D, 4.2)
Hol(C2,SL(2,3)) (216,27.18,18,9,9,24.6,6,4) SL(2,3) (4.5)
P.x,C, (448,64,16,16,7,7,7,7.7,7) Cix,C, (4.8)
(C,x C)x,DC, (588,49,49,49,49,12.6,6,4.4) DC, 4.2)
(G, X C)x,0,, (784,49,49,49,16,8.8.8,4,4) Q,, (4.5)
M, (7920,48,18,11,11,8,8.8,6,5) 1 (32
(C,,x C)%,SL(2,5)  (14520.121,120,10.,10.10,10,6,6.4) SL(2.5) (@.11)

PSL(3,4)

(20160,64,16,16,16,9,7,7,5,5)

1

(.2)
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Proor. (i) We have Clg (g) C G — N if and only if g is conjugate to %; for

some j =2, i.e. if Clg(g)N x;N# for some j = 2. Moreover,
Cls ()N xN)N(Cls (g)NxN)=  foreveryj#1,

because ¥ is not conjugate to %, in G, hence r6(G — N)=Zi_,rs(x,N).
(ii) If %, and , are conjugate in G, then x;N and y;N are conjugate in G, hence
16 (6:N) = 16 (y;N).

TABLE 3. The finite groups with exactly eleven conjugacy classes

G A G/S(G) Reference
C, (11,11, 1,1, 18,08, 10, 11,11, 10) 1 217
0, (27,27,27.9,9,9,9,9,9.9.9) C.xC, 2.17)
Q. (27,27,27,9.9,9,9.9,9,9.9) C.x C, (2.17)
D., (32,32,16,16,16,16,16,16,16,4,4) D, 2.17)
0., (32.32,16,16,16,16,16.16,16,4,4) D, @.17)
SD., (32,32,16,16,16,16,16.16,16,4,4) D, 2.17)
2°T,a, (32,32,16,16,16.8,8,8,8.8,8) C, %X D, 2.17)
2°T, a, (32,32,16,16,16,8,8,8,8.8,8) C,x D, (2.17)
2T, a, (32.32,16.16,16,8.8,8,8.8.8) (Cix C)x, Cy (2.17)
2°T,a, (32,32,16,16,16,8,8,8,8.8,8) (C.xCYx,, C, (2.17)
2T;a, (32,32,16.,16,16,8,8,8,8.8,8) (CX )%, C, (217)
Cx,C, (38,19,19,19,19,19,19,19,19,19,2) C, (2.18)
(Csx CYx,C, (75.,25,25,25,25.25,25,25,25.3.3) C, (2.19)
(040)c) %, C, (96,96, 16,16,16,16,16,6.6,6,6) Cix,C, (4.8)
O, %X, (C,xCy) (108.54,18,18,12,12,12,9.6,6,6) 3.x3, “.11)
Cy %,Cyy (110,11,10,10,10,10,10,10,10,10,10) Cio 4.14)
Cox,C, (116,29.29,29,29,29,29,29,4,4.4) C, (2.20)
Ci %, Cs (155,31,31,31,31,31,31,5.5,5,5) C, “.1)
CwX,C, (171,19,19,9,9,9,9,9,9,9,9) C, “.11)
€ %,C, (186,31,31,31,31,31,6,6.6,6,6) C. 4.2)
Cix,DC, (192.64,48,16,16,8,8,8.8.6,6) (C,x C)x, DC,(4.14)

(C,x CYx, DG

(192,64,48,16,16,8,8,8.8,6,6)

(C, X €)%, DC, (4.14)

(Cs X C)%,C,y (200,25,25,25,8,8,8,8,8,8,8) \ (4.8)
CoX,C, (203,29,29,29,29,7.7,7,7.7.7) o @.5)
Cix,Hol C, (320,64,32,16,16.8.8,8.8,8.5) Hol C, 4.2)
SL(2,7) (336,336,14,14,14,14,8,8.8,6,6) PSL(2.7) (.2
(C,x CY%,0, (392,49,49,49,49,49 49, 8.4,4,4) Q, @.1)
Hol(C,x C) (432,54,48,18,12,9.8,8,8.6,6) GL(2.3) (4.8)
PGL(2,9) (720,20,16,10,10,10,10,9,8,8,8) G (3.2)
s, (720,48,48,18,18,16.8.8,6,6,5) C, (32
Hol (C3) (1344,192,32,32,16,8.8,7,7,6,6) PSL(2,7) 4.2)
C3-PSL(2,7) (1344,192,32,32,16,8,8,7,7,6,6) PSL(2,7) “.2)
PTL(2,8) (1512,27,24,18.,18,9,9.9,7,6,6) C, (3.2)
PSL(2,17) (2448,17,17,16,9,9,9,9,8,8,8) 1 (3.2)
Sz(8) (29.120,64,16.16,13,13,13,7,7,7,5) 1 (3.2)
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(iii) We have T, = U,ccx$N, hence |Cls (%)|-|N]| =2k"=1 |Clg (x;m)]|, there-
fore 1/| C5(%;)| = =¢=11/| Co (x;m)|. Moreover o(%;) = o(xn) divides | Cs (xim)|
for every k.
(iv) It is an immediate consequence of (ii).

LEMMA 2.2. Suppose that N is abelian. We have:

(i) If x,y € T, then |Co(x)N N|=|Cs(y)N N| and 0(%)| Co(x;)N N| is a
divisor of | Co(x;n.)| for every k. Further, if X; €(Z), then there exists z° € T, such
that 0(2)-| Cs(x;) N N| divides | Cs(z°)|.

(i) ro(GN)=|Co(x,)N N| and the equality holds if and only if Co(xw)=
Cs(X;) for every w & N, where Cs(x;w)= Cs(x;w)N/N.

TABLE 4. The finite groups satisfying r(G) =12 and 8(G)>1

G A G/S(G) Reference
C,x C, (12,12,12,12,12,12,12,12,12,12,12,12) 1 (2.17)
C, (12,12,12,12,12,12,12,12,12,12,12,12) C, (2.17)
C.x, C, (24,24,24,24,12,12,12,12,8.8,8,8) C, 4.2)
C, X3, (24,24,24,24,12,12,12,12,8,8,8,8) C: 4.2)
CIx3, (24,24,24,24,12,12,12,12,8,8,8,8) C, .0
C,x DC, (24,24,24,24,12,12,12,12,8,8,8,8) C, 4.1)
C,x D,, (30,30,30,15,15,15,15,15,15,6,6.6) C, (2.20)
C,x (C,%,Cy) (36,36,18,18,18,18,18,18,18,18,4,4) N 4.2)
C.x,.C, (36,36,18,18,18,18,18,18,18,18,4,4) s, 4.2)
C, X A, (36,36,36,12,12,12,9,9,9.9,9,9) C, 4.2)
Cix, C, (36,36,18,18,18,18,18,18,18,18,4,4) C, 2.19)
C, X (C3%,C) (36,36,18,18,18,18,18,18,18,18,4,4) C, 2.19)
Cx, G, (36.36,36,12,12,12,9,9,9,9,9,9) G, 4.2)
(C, x C)%,Cy (42,21,21,21,21,21,21,21,21,21,21,2) C, 2.18)
C, %, O (48,48,24,24,24,12,12,12,12,8,8,4) D, 4.2)
C,X, Dy (48,48,24,24,24,12,12,12,12,8,8,4) D, 4.2)
C,%, SDy, (48,48,24,24,24,12,12,12,12,878,4) D, 4.2)
3, XDy (60,30,30,30,20,15,15,12,10,10,6,4) Cc: “4.2)
Cix, G, (72,72,18,18,18,18,8,8,8,8,8,8) C, “4.2)
3. X A, (72,36,24,24,18,18,12,9,9,8,6,6) C, 4.2)
C,x(C3x,C) (72,72,18,18,18,18,8,8.8,8,8.8) C, 4.2)
(Cix C)%,C, (84,28,28,28,28,28,28,28,28,28,3,3) C, 2.19)
(C3x Q) X, G, (96,96,32,32,16,16,16,16,6,6,6,6) A, 4.2)
Cix, C, (108,54,27,27,27,27,27,27,12,6,4,4) C, @1
(C,x CYX, C, {126,63,21,21,21,18,18,9,9,6,6,6) C, 4.2
C, x(C3%,Q,) (144,144,18,18,16,16,8,8,8,8,8,8) O, 4.2)
C2x, (C,x, C) (144.144,18,18,16,16,8,8,8,8,8,8) 0, 4.2)
Hol(2°T,h, C,) (96,96,32,32,16,16,16,16,6,6,6,6) A, 4.2)
(C:x C)X,C, (168.56,28,28,28,28,24,8,6.6,6,6) C, 42)
3%, Q, (216,108,27,27,27,24,12,12,12,12,4,4) Q, 4.2)
PSL(2,7)x C, (336,336,16,16,14,14,14,14,8,8,6,6) 1 (3.2)
(A, X C)X%, C, (360,180,24,18,15,15,15,12,12,9,6,4) C, (2.20)
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(iti) If Co(%;) = (%;), then ro(xN) =|Co(x;) N N | and | Co (xime)| = | Ca (%) =
0(%) | Co(x)N N|.

(iv) If | Cs ()| = p, with p a prime number, then there exist natural numbers t,
such that | Co(xn)| = p* - m with m = | 0,(Cs(x;) N N)|, forevery k =1,...,5,.
Further, we have the equation

S,

@ pt=(Wm)- 3, 11p*);

k=1

o(x;) divides p* for every k, and m divides |N|.
) If o(x,)=p', p a prime number and p X |Cs(x;)N N/, then p £ |N|.

Proor. (i) If x,y € T,, then there are g € G and w € N such that x = y®w,
hence Co{x)NN =(Cs(y)NNN)® because N is abelian. Consequently,
|Cs(x)N N|=|Cs(y)N N|. Moreover, {(x;n) (Cs(x;n.) N N) is a subgroup of
Cs (xn) of order o (%) | Co(x;) N N| and if X; € (Z), then there is an u € N such
that x; = z‘u for some integer e, hence z° € T, and clearly 0(Z)*|Cs(x;) N N|
divides | Cs(z°)|.

(ii) We have

| Co(xin )| = | Ca(xim )N N| | Co(xn)| = | Co(x) N N|| Co ()],

so the relation (1) yields

11 Co(5)| = (1 Cote) A N - 3, 1 Catamal )

hence
® |Cole) NN = | Co 5 Calimo).

Also, | Co(xm)| =| Ca(xm)| =] C5(%)|. Thus (3) implies | Cs(x;)N N|Z s; and
the equality holds if and only if Cs(xw)= Cs(x;) for every w EN.

(iii) It follows from (ii).

(iv) Let Q be a g-Sylow subgroup of Cs(x;) with g7 p a prime number. Since
Cs(%;) is a p-group, Q is a subgroup of N, hence Q is a Sylow g-subgroup of
Cs(x,) N N. Thus, we have | Cs(x;)| = pm with m =] 0,(Cs (x;) N N)| because
Cs(x,)NN is abelian. Similarly, Cs(xm)=Cs(%) and Co(x)NN=
Cs(xm)N N imply that there exists a natural number & such that | Co (xn)| =
p* - m. This yields the relation (2).

(v) Set o(%) =p', x; = 21z, with [z1,22] =1, 0(z/)=p’ and p & 0(z2). Then
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x?"€ N and x?" = z%' hence z, € N and Cs(x;) N N = Cs(z:) N N, because N is
abelian. Thus if p divides |N|and P is a p-Sylow subgroup of G containing z,,
then 1 # Z(P)N O,(N)= Cs(z:) N N, hence p divides | Co(x,)N N|.

REMARK. We will use Lemma (2.2) with N =S§(G) abelian. Once the
structure of G/S(G) is fixed, we consider the tuple As. Then the relation (2)
yields all the possible solutions of A, for each X; such that Cs(¥;) is a p-group.
For example, if r6(x,S(G))=2 and |Cs(x;)| = p*, then we have

1/pel :(1/m)(1/p“+1/p12) with tlétz,

so either (p =2, A=t,, m=1and ¢ =t-1), or (¢ =t., m =1+p~", and
SEh=e =1, if o(x;)=p’). Thus with the fixed structure of G/S(G), equa-
tions (1) and (2) will be used to obtain the number r(G) and the tuple Ag, once
the structure of ${(G) and the action by conjugation of G/S(G) over S(G) have
been determined.

LEMMA 2.3. Let N be a normal subgroup of G and G = G/N. Then

() |Cs(x)|=|Cs(x)] for each x € G.

(ii) If r(G)=r15(G — N)+1, then | Cs(x)| =| Cs(%)| for each x € G — N and
consequently either G is a Frobenius group with kernel N or there exists a prime p
dividing both |G/N| and |N| such that either N or G/N is a p-group.
Furthermore, if N is a p-group and G is neither a p-group nor a Frobenius group of
kernel N, then O,(G/N)={1} and each p'-subgroup T of G acts f.pf. on N. In
particular, every Sylow subgroup of T is either cyclic or a generalized quaternion
group and T does not possess any subgroup of type C, X;C,, with primes q, # q..

PrOOF. (i) Follows from Lemma (2.1)(iii).
(ii) Set

@) G =NUClg(y)U --- U Clo(y.).
By hypothesis, we have
) G ={1}UCls G)U --- UCls (7).

As |Cls (y:)| =[Cls (7:)| - | N| for every i, by taking cardinals in (4) and (5) we
deduce that | Cs(y:)| =| Cs ()|, hence G satisfies (F2) and the result holds (cf.
[3] and [4]).

(The authors wish to acknowledge the referee’s remarks on Lemma 2.3(ii).)

LemMA 2.4. Let T be a non-abelian 2-group of order 2". We have:
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(i) There exists g € T such that | Cr(g)| = 4 if and only if T is isomorphic to one
of the following groups: Dy, Q»» or SD,~. Furthermore, in this case, there is an
a € T such that T/{a)= C, and T does not have any subgroup isomorphic to C7
with m = 3.

(ii) If there exists g € T such that | Cr(g)| = 8, then T has sectional rank at most
4, hence T does not have any subgroup isomorphic to C3' with m = 5. (cf. [7] and

[9D.

LEMMA 2.5. Let G be a finite group with S(G) abelian. We have:

(i) If there exists g € G such that | C;(g)| = 4m with m an odd number and o(g)
is a power of 2, then O(S(G)= C3.

(ii) If there exists g € G such that |Cs(g)| = 8m with m an odd number and
0(g) is a power of 2, then O(S(G))= C3.

Proor. This result is an immediate consequence of (2.4).

LEMMA 2.6 (Galois). Let G be a solvable group such that B(G)=1 and
Cs(S(G))= S(G). Then S(G) has a complement in G and all the complements of
S(G) in G are conjugates (cf. [10, th. 3.3, p. 160]).

LEMMA 2.7. Let N < G be such that N is a product of some minimal normal
subgroups of G. Then, if K is a normal subgroup of G such that K = N, there exists
E = G such that N = K X E (cf. [18 Ex. 414, p. 171]).

LEMMA 2.8. Let A = G be such that A is abelian and g.cd. (G/A|,|A|)=1.
If B is a direct factor of A and B =G, then there exists D G such that
A =B XD (cf. [11, Ex. 20.2.5, p. 145]).

LEMMA 2.9. Let N =G be such that G/N = C,, with p a prime number, and
set g€ G — N. Then

() r(G) = ps +((r(N)—s)/p), where s is the number of conjugate classes of N
fixed by the conjugation automorphism a, of N induced by g.

(ii) r(G — N)= s - (p — 1). Furthermore, if N is abelian, then s = |Cs(g) N N |.

(iii) Let R; be the set of conjugate classes of N of cardinality m;, i =1,....e,
where {m,,...,m.} is the set of different cardinals of the conjugate classes of N,
and set s; the number of classes of R fixed by a,. Then r(N)=Z{_,|R:|,
|R;| = si(mod p) and s =3i_;s.

(iv) Let S; be the set of conjugate classes of N of elements of orders mj,
j=1,...,¢', where {m{,...,m} is the set of different orders of the elements of N,
and set s| the number of classes of S; fixed by a,. Then r(N)=Z[.]|S;],
|S;| = s{mod p) and s = Z}_;5s].
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(v) The subgroup (g) acts by conjugation over the set Irr (N) of all the complex
irreducible characters of N and s=|{x € Irr(N)I)(g =y}|. Further, if
{m7,....m%} is the set of different degrees of the characters of Irr(N), X, =
{x EIrr(N)|x(1) = m"} and s’ is the number of the characters of X, fixed by g,
then r(N)= 21| X;|, | Xi| = s (mod p) and s = 2i_,s".

Proor. (i) It follows from [2] p. 472.

(i) We have r(G)=ps + (r(N)—s)/p and rs(N)=s+(r(N)—s)/p hence
r6(G — N)=s-(p —1). Moreover, if N is abelian, clearly, s =|Cs(g)N N|.

(iii) Since |Cly(n)*|=|Cly(n)| and o(n®)=o0(n) for each conjugate class
Clx (n) of N, clearly, (iii) and (iv) follow. On the other hand, by considering the
action of (g) on Irr(N), Brauer’s Lemma on character table (cf. [10 Satz 13.5])
yields s = [{x EIrr(N)IXg =x}

(v) It holds because y*(1)= x(1) for each y € Irr(N).

REMARK. Suppose that the tuples (|Cly (11)],...,|Cly (1)), (0 (1), ..., 0(n))
and (x.(1),..., x.(1)) with ¢ = r(N) are known. Then the Lemma 2.9 may be used
to set bounds to the possible values of r(G) and also to determine Ag.

LemmA 2.10. Let N be an abelian normal subgroup of G and let K be a
subgroup of G such that G = NK. Suppose that there is an h € K satisfying

Ci(h)= Ck(h), where Cx(h) is the image of Cx(h) in G = G/N.

Then the following propositions hold.

(1) If [h,N]={[h,n)| n € N}, then [k, N) is a normal subgroup of B = NCx (h)
and rg(hN) = re(N), where N = N/[h,N] and E = B/[h,N].

(2) If {m:1=1,m2,...,m,} is a complete system of representatives from distinct
conjugacy classes of E that make up the normal subgroup N, ordered so that

|Co ()| 2| Co(fns)], i=1,...,s—1,  where D = (Cx(h)[h, N])/[h,N],

then,
@) |Cnv(h)|=1+Zi| D : Cp(m)|,
(b) &w = (| Cu(h)|- (| Cx(R)|I| D : Cp ()]}, ...,
| Cv (W) (| Ce (M| D : Co (1)), | C(h)] | Cic()))
and Clg(hm),...,Clg (hm,) is the set of all conjugacy classes of G that make up
the normal set (hN)°.

ProOF.  Certainly, [, N]is a normal subgroup of B = NCx (h), hence N is an
abelian normal subgroup of E. Let {z; = 1,z,,...,2} be a right transversal of B
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in G. We can suppose that each 2z is an element of K. Since Cx(h)=
Cx(h)N/IN = Cz(h), we have

G=U Gh)z,
i=1
i..,{Z,,...,z}is aright transversal of Cz(k)in G. For each m € N we have

Clg (hm) = (hm)°® = U,_,(hm)™.

Moreover (hm)® N (hm)™i# & implies that there are elements b,b' € B such
that (hm)" = (hm)"™, hence h* = h’, and necessarily i = j. Thus

Clo(hm)=\J (hm)* and  |Cle (hm)[=|Cl (R)]*|(hm)" .

On the other hand, we have

(hm)* = (hm ¥ = (h [, N]m)® = k[, N]m ®,
so [(hm)?|=]|[h,Nlm ™|, but the set [, N]m«® is a disjoint union of
|D: Co(rit)| (with rir = m[h, N]) right cosets of [ N] in N, hence
(6) |(hm)* | = |[A,N]|-| D : Co ().
Therefore |Clg (hm)| =|Cls (h)!-|[h,N]|-| D : Cp(ri1)| and

| Ca(hm)| = (IN/[h,N1))-(| Cx(h)|/| D : Co (1))

@) — [ Cu()]-(| Ce(h)| D : Co ().

Furthermore, if m and m' are two elements of N, we note that (hm)® = (hm')”
if and only if [h, N]m is conjugate to [k, N]m’ in E, because

(hm)® = h[B, N}m ", (hm")® = h[h, N]m'«*

and N is an abelian subgroup of E.

Let Clg (hm,),...,Cls (hm,) be the totality of conjugacy classes of G that
make up (hN)®, ordered so that |Cs(hm)|=|Cs(hm;)| for all j=
1,2,...,s —1. We have Clg (hm;)N hN = (hm,)? (because (hm;)* N hN# &
implies A% = h, hence 7 = 1) and

hN = Ul (Clo (hm,)(\ kN) = U1 (hm,)".

ji=

Counting the number of etements of H in both sides of the above equality, we
get (2)(a) from the relation (7). Also, (6) yields the proposition (2)(b).
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Finally, we have Cls(hm;)=Clg(hm;) if and only if (hm)° =
Cls (hm;) N AN = Clg (hm;) N BN = (hm;)®, i.e. iff m; is conjugate to ;. in E.
Therefore {m,,m-,...,m,} is a complete system of representatives from distinct
conjugacy classes of E that make up the normal subgroup N.

As can be seen from the tables, most of the groups appearing in them are
semidirect products N X, K, with N abelian. Assuming N, H and the action A to
be known, in the next lemma we determine Ag from Ay and the action A.

LEMMA 2.11.  Suppose that G = N X, K, with N abelian. Let {h,=1,h.,..., h}
be a complete system of representatives from distinct conjugacy classes of K. Set
D; = Cc(h)[h;, NY[h:.N], N. = N/[h:,N] and E. = NCc(h.)/[h:;,N] for all i =
1,..., t Then E,=N,x,D, D, is isomorphic to Ci(h), and the following
propositions hold:

(1) 7(G)=ra(N)+ re(No) + -+ + rg (N,).

Q) If {ma=1,...,my} is a complete system of representatives from distinct
conjugacy classes of E; that make up the normal subgroup N; ordered so that
| Co, (M )| Z | Cp, ()| for all i =2,....t and k =1,...,s,, then we have

(8) | Cu (k)| = 1+ Siea| D : Co, (),

(b) A, = (| Cu ()| (| C (B)/) D: = Cs, (1)) -,

| ()] (| Ce(h)I D : Co, (), | G| (B,
and {Clg (hmy)| 2=i=t, 1=j=s} is the set of all conjugacy classes of G that
make up the normal set G — N.

() E.=N:xD; if and only if rc(hN)=|Cy(h)|. In this case we have
A, = (| Cn ()| | Cx(B)],-..,| Cn ()| | Cx(h)), and in particular, if | Cu(hi)| =2,
then rc (WN)=2 and A, = (2| Cx (h)|,2| Cc (h))).

(4) The group D acts transitively on N* = N; — {1}, by conjugation, iff rc (hN) =
2. In this case we have

B, = (| (B ( GBI Cuo(h)] = 1)), | Cu ()] Cic ()

(S) ra(WN)Y=1 iff h; acts by conjugation on N* as a fixed-point-free auto-
morphism.

Proor. The propositions (1) and (2) are an immediate consequence of
Lemmas 2.1 and 2.10, because Cx(h;)N/N = Cx(h;) for all i =2,...,¢.

On the other hand, (3), (4) and (5) are very interesting cases that follow
directly from (2).

ExampLE. We consider the unique non-split extension of Cj by As,

C3X3 A= ((x1) X (x2) X (x5) X (x)) Xx (@, b | a® = b* = (ab¥ = (a'b) = 1),
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with relations x{=x,, X5=X1Xs, X5= X2X4, Xo=X3Xs, X0=X1X2, X3= X2X3,
X3 = X2X4, X4 = X1X:X4. In this group, a (respect. b) corresponds to the permuta-
tion (15432) (respect. (13456)).

We have A, =(360,9,9,8,5,5,4) = (| Ca,(h))|,-..,]| Caj(hs)]) and if the tuple
(h:,hs,..., h;) corresponds to the tuple

(1,(123),(123) (456), (12)(34), (12345), (12354), (1234)),

then one sees that hs, hs and hg act f.p.f. on N*, hence rs(h:N)=1for i =3,5,6
and A, = (9), Ay, = (5), Aw, = (5). Furthermore, with the notation from the above
lemma, we have:

(1) N;=C%, D,= C3and E,= C3x,C3= C; X A,, hence D, acts transitively
on N%, 50 rg(h.N)=2 and A,, = (4-9/3,4-9) = (12,36);

() Ne=C3, D¢=D;s and Es= CiX,Ds=(w,,w)c,d|c*=d>=cc® =1)
with relations wi=w,, wi=w;w,, wi=w,, ws=w,, hence rs(h;N)=3 and
Ai,=(4-8/2,4-8/1,4-8)=(16,32,32), because the conjugacy classes of N; have
cardinality 1,1 and 2 respectively. Thus r(G)=12 and

As =(5760,384,36,32,32,16,12,9,8,8,5,5).

Lemma 2.12. Let G be a simple group satisfying |{o(g)|g € G}|=4 or 5.
Then G is isomorphic to one of the following groups: As, PSL(2,7), PSL(2,9),
SL(2,8).

ProOF. Let P be a 2-Sylow subgroup of G and p,q two odd primes dividing
the order of G. Set 0(g) =2.If exp P =2, then | Cs(g)| is divisible by at most two
prime numbers, hence Cs(g) is a solvable group, so G is isomorphic to PSL (2, s)
with either s >3 and s =3,5 (mod 8) or s =2" (cf. [7] p. 484), and necessarily
either G =PSL(2,5) or G =SL(2,8), because SL(2,s) has elements of orders
s—1 and s+1. On the other hand, if expP#2, then {o(g)lg EG}=
{1,2,4,p,q}, hence G is a C-group. Thus, either G =PSL(2,7) or G =PSL(2,9)
(cf. [10] p. 465).

LEMMA 2.13.  Let ¢ be an automorphism of G and p an odd prime. We have:
(i) If o(¢)=p and |Cs($)| =1, then G is a nilpotent group.
(i) If o(¢)=p and |Cs(¢)| =2, then G is a solvable group.
(i) If o(¢)=4 and |Cs(¢)| =1, then G is a solvable group.

Proor. (i) cf. [7] p. 337.

i) <f. [5).
(iii) cf. [7] p. 341.
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LEMMA 2.14. Let G be a Frobenius group with kernel K and complement D.
Then:

(i) |D] is a divisor of |[K|—1.

(i) 7(G)=r(D)+(r(K)-1/ID|.

(iii) K is a nilpotent group.

(iv) If 2 is a divisor of |D| then K is an abelian group.

(v) The Sylow 2-subgroups of G are either cyclic groups or quaternion groups.

Proor. cf. [7] p. 339.

Lemma 2.15. Let G be a group with S(G) abelian. Suppose that there exists
H =G = G/S(G) such that H=C, x C,, p a prime, and H—{1} is a set of
conjugate elements of G. Then H does not act £.p.f. on O,(S(G)) for each prime
number q# p and

|Cs(h)N S(G)|=|Ca(h)N S(G)|  forany hy,h,€ H — S(G).

Further, if p =2 and | Cs(h) N O,(S(G))| = q', q an odd prime, then | O,(S(G))|
is a divisor of q”".

PROOF. Let g # p be a prime divisor of | S(G)|. (2.14) yields that H does not
act f.p.f. on O,(S(G)). Moreover, if h,,h, € H—{1}, then Cs(h)N S(G) is
conjugate to Cg(h,)N S(G), hence |Co(h)N S(G)|=|Cs(h;)N S(G)|. Fi-
nally, if H=(h)x(hy)=C> and L;=Cs(h)N O,(S(G)), then L, <E =
O,(8(G)){h,,h;), hence (2.8) implies that there exists D <<E such that
0,(S(G))=L,L,x D;so, d" =d'=d" for each d € D. Consequently D is a
subgroup of Cs(hih,)N O,(S(G)) and | O,(S(G))| is a divisor of g™

LeEmMA 2.16. Let G be a group with S(G) abelian. Set G = G/S(G), b an
element of order 2 of G, and M < G such that M = S(G). If Co(b) N M = 1, then
z” =z forany z € M and y € G such that by is a conjugate element to b in G.

PrOOF. If by = b® for some § € G, then Co(by)N M =(Ca(B)N M) =1,
hence z" =z""'=z” for each z € M. Therefore z° = z.

Let I" be the class of the nilpotent finite groups. The families
are classified in [22]. We have:

THEOREM 2.17. (i) ¥, ={F,;|t € N}.
(i) ¥.={Ci.
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(i) ¥, ={Cy).

(IV) ‘1’4 = {Cs, Cs,Dx, Ox}

V) VYs={C:XCy,CsX Ci}.

(Vl) ‘I’f, = {C7, Olh,D]b,SDl(,}.

(vil) W;={Cy,C:X Dg,Cs X Qy, Cs X, Cs, (Cs X Co) X, Ca}, where CiX,Cy=
(a)x,(b) with A given by a® = a™" and (C.X C;)X,, C: = ({a) X (b)) X, {(c) with
A, given by a® =ab, b* =b.

(Vlll) ‘I’s = {C9, C(, X Cz, C]o}-

(ix) Wo={CiX C:;xX C,,CysX, C,(Ca X Cr)X,, Co}, where Cex, G, =
(a)X, (b)Y with X given by a® = a’ and (Cix C,)X,, C- with A, given by a‘ = a,
b =a’h.

(X) ¥, = {Cu 5 C:z, 0,,0:,D5, Osz,SDzz} v 25F6 U 25F7 .

Now, the finite groups G satisfying the conditions a(G)=1,2 or 3 are
described in the next three lemmas (cf. [23]).

Lemma 2.18. G is a finite group satisfying a(G)=1 if and only if G =
H X;C,. This group satisfies r(G) =2+ ((|H| - 1)/2).

LEMMA 2.19. G is a finite group satisfying a(G)=2 if and only if G is
isomorphic to one of the following groups: (1) Y X;C,, (i) C. X (H X;(,), (iii)
H X, C,= H X, {b) with relations h® = h™" for each h € H, (iv) C.. Furthermore
r(G)=3+|H| for all the groups which appear in (ii) or (iii).

LeMMA 2.20. G is a finite group satisfying a(G)= 3 if and only if G is one of
the following groups:

() GX(HX;C),

(i) Hx,C,,

(iii) (Asx H)X,C,=(AsX H)x,(b), where A is given by A{b)=3;s and
h® =h"" for each h € H. This group satisfies r = 6+ (5| H|—3)/2.

(iv) (Aex H)  Ci=(AcX H)-(b) with Ab)=PGL*(2,9)=M,and h* = h™"
for every h € H. This group satisfies r =6+ (7| H| - 3)/2.

v) M, 25,3, Dy or Qs.

REMARKS. (1) If N is a normal subgroup of G, then a(G/N)= a(G). Itis an
immediate consequence of the fact that S(G)N/N = S(G/N).
(2) «(PGL(2,9))=(q +1)/2, if q is an odd number greater than 3.

3. Groups with S(G) non-solvable and a(G)=9

LEMMA 3.1. Let G E®, be such that S(G) is non-solvable. Then t=
3B8(G) + a(G).
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ProoF. Set {L,...,Lge3} the set of minimal normal subgroups of G. As
S(G) is non-solvable, we can suppose that L, is non-solvable.

Clearly we have (L, X L,)N(L, X L;)= L, for every i#j=2 and rs(L.)= 3,
because |L,| is divisible by at least three prime numbers. Set T =
LU - UlLgegy, then (LiXxL)NT=LUL;, hence L XL, —(L,UL;) is a
subset of S(G)-T. Thus r(S(G)-T)=3(B(G)—1). Moreover
r6(G—S(G))=a(G) and rg(T)Z 1+ (B(G)—1)+3, hence

r(GYz a(G)Y+(B(G)- 13+ B(G)+3=4B(G)+ a(G).

THEOREM 3.2. Let G be a finite group such that S(G) is non-solvable and
B(G)=r(G)~—j with 1=j=10. Then G is isomorphic to one of the following
groups: As,Aq,A7,25,%,AsxC,, PSL(Q2,7), PGL(2,7), PSL(2,7)x C:,
PGL(2,9), PGL*(2,9), SL(2,8), PTL(2,8), PSL(2,11), PSL(2,13), PSL(2,17),
PSL(3,4), M., Sz(8), (AsX C3)x, C; with AsC, =35 and C:C,=3;.

Proor. If S(G)=G, G is completely reducible, hence G =
G, X --- X G, X Z(@) with the G,..., G, non-abelian simple groups. Then

r(G)=r(G)---r(G)-|Z(G)|=5 -|Z(G)| and B(G)=s+|Z(G)|-1.

So 5| Z(G)|-(+|Z(G)-1D=r(G)-B(G)=a =10 forces s=1 and
| Z(G)| = 2. Consequently, either G = As X C,,0or G =PSL(2,7)X C,,or G isa
simple group with r(G)=11, hence from [1], G is isomorphic to one of the
following groups: As, PSL(2,7), A., PSL(2,11), A,, PSL(2,13), SL(2,8),
PSL(3,4), My, Sz(8), PSL(2,17).

Thus we can suppose S(G) < G, i.e. (G) = 1. Further, (2.18) and (2.19) imply
a(G)z3.If a(G) =3, then G is isomorphic to one of the following groups: M.,
Ss, or (AsX )X, C,, by (2.20). Now, we suppose a(G)=4, (3.1) yields
38(G)+ a(G)=10, hence B(G)=2 and necessarily B(G)=1. If S(G)=
A XA with A a non-abelian simple group, then a(G)=4, r(G)=12 and
r(G/S(G))=5.

If r(G/S(G))=5=a(G)+1, then (2.3) yields |Cs(x)| =|Cs(x)| for each
x € G- S(G) and (2.13) (or (2.3)(ii)) implies that S(G) is solvable (this is
deduced from an inspection of the tuples Ag for r(G) = 5), which is impossible.
Thus r(G/S(G))=4.

If G/S(G)=GC,, with p prime, then r(G) = ps +(r(AY — s)/p = 13, impossi-
ble. So, we can suppose that G/S(G) is isomorphic to one of the following
groups: %, Ci, G X Gy, Ay, Dy,.

If G/S(G)=2;, (2.1) implies 4 = rs(aS(G)) + rs(bS(G)) with o(a)=3 and
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o(b)=2. On the other hand, (2.13) implies r5(aS(G))Z= 3 and r:(bS(G))=2;
this is impossible.

If G/S(G)=C., (2.1) implies 4=rs(bS(G))+rs(b"'S(G))+r5(b’S(G))
with o(b)=4, hence necessarily r;(bS(G))=1, Cs(b)=(b) and S(G) is
solvable by (2.13)(iii), impossible.

If G/S(G)=C,x C, then (2.1)(i) implies that there exists b € G — S(G)
such that rs(bS(G)) =1, hence | Cs(b)| = 4. Let P be a Sylow 2-subgroup of G
and g € G such that P/(g)=C., then g’ € S(G) and S(G) have cyclic Sylow
2-subgroups, impossible.

If G/S(G)=A,, we have 4=r5(aS(G))+r5(bS(G))+ rs(b 'S(G)) with
0(a) =2 and o(b) =3, hence necessarily r;(bS(G)) =1 and S(G) is solvable by
(2.13)(1). Similarly the case G/S(G)= D), cannot arise here. Thus we can
suppose B(G) =1, r(G)=11, S(G) is a non-abelian simple group and S(G)=
G = Aut(S(G)). Also, arguing as above, we can suppose a(G)=5 (the case
G/S(G)= Csisleft out by (2.13),if a(G)=4)or a(G)=4and G/S(G) = C..

If «(G)z6, then rg(S(G))=S5, hence |{o(g)|g € S(G)}| =4 or 5 and from
(2.12) we obtain that S(G) is isomorphic to one of the following groups: As,
PSL(2,7), As, SL(2,8), hence necessarily G is isomorphic to Aut(SL(2,8))=
PI'L(2,8) (a«(PI'L(2,8)) = 6).

Now we suppose that «(G)=>5. Then r(G/S(G))=6.

If r(G/S(G))=6=a(G)+1, then | Cs(x)| = | Cs(x)| for each x € G - S(G)
and looking at the possible values of the components of the 6-tuples Ag, we
deduce from (2.13) (or (2.3)(ii)) that S(G) is solvable, which is impossible.

If r(G/S(G)) =4 or 5, then there exists x € G — S(G) such that 15 (xS(G)) =
1, by (2.1)(i), so | Cs(x)] =|Cs(x)| and

|Cs(x)| €1{2,3,4,5,7,8}.

If |Cs(x)| is a prime number, then (2.13) implies that S(G) is solvable,
impossible.

If | Cs (x)| = 4, (2.13)(iii) implies 0(%¥)=2, and one observation of the tuples
As implies that G has Sylow 2-subgroups isomorphic to C;X C,. Let P be a
Sylow 2-subgroup of G and g € P such that P/(g)= C,, then g* € S(G) and
S(G) is solvable, impossible.

If | Cs(x)| = 8, then G/S(G) is isomorphic to Ds, Qs, or %4, and there exists
7 € G with rs(yS(G)) = 1 which does not conjugate with %, hence |Cs(y)| =4
or 3 and, reasoning as before, S(G) is solvable, impossible.

Suppose G/S(G)=(b)=C;, then 5=rs(bS(G))+rs(b"'S(G)), but
r6(bS(G))= 3 and rs(b"'S(G))= 3, by (2.13), impossible.
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Suppose G/S(G)=2;, then 5= r;(aS(G))+ rs(bS(G)) with o(a)=3 and
o(b)=2. (2.13) yields r(aS(G))=3, hence rs(bS(G))=2, |Cs (b)|=4 and
S(G) has cyclic Sylow 2-subgroups, this is impossible.

Finally, we consider only the case G/S(G)=C, and 4= a(G)=S5. We have
r6(S{G))=7, hence r(S(G))=2.5+2=12, because Cs(a)N S(G)#1, hence
[1}implies that S(G) is isomorphic to one of the following groups: As, PSL(2,7),
As,PSL(2,11), A,, PSL(2,8), PSL(2,13), PSL(3,4), M., Sz(8), PSL(2,17), M1,
PSL(3,3), or PSL(2,19). By considering the structure of their automorphism
groups we obtain the following groups: PGL(2,7) («(PGL(2,7)=4), 3
(¢ (Z6) =5), or PGL(2,9) (a(PGL(2,9)) = 5).

4. Non-nilpotent groups with S(G) solvable. The families P,

Lemma 4.1.  Let G be a non-nilpotent group with S(G) solvable and satisfying
a(G)=4. Then G is isomorphic to one of the following groups: (i) (C,x C,) X
(H %), (ii) H X;Qs, (iii) C:X (Y X;C3), (iv) Y X;Cs, (v) Cox;Cs, (vi) C, %
(H X, Ci)= Cs X (H %, (b)) with relations h®* = h™" for each h € H; this group
satisfies r =6+ 2| H |, (vii) (Cs X H)X, C, = ({x) X H)X, (b) with relations x* =
x™', H(b) = H X;(b); this group satisfies r(G)=6+3( H|—1)/4.

Proor. cf. [23].

LEmMA 4.2, Let G be a non-nilpotent group with S(G) abelian and satisfying
the conditions 5= a(G)=9 and r(G/S(G))=6. Then G is isomorphic to one
group of Table 5.

RemARK. In Table 5, an = |H|—1.

Proor. Since r(G/S(G))=6, G/S(G)is isomorphic to one of the groups in
Table 1 with at most 6 conjugate classes.

(1) Suppose G/S(G)=(b)=C,. Then a(G)=rs (bS(G))=|Cs(b)N S(G)|.
Set L = Cg(b)N S(G), L is a normal subgroup of G and (2.7) implies that there
exists D = G such that S(G)= L X D and C,(b) = 1. Now, fixing the values of
a(G), we obtain the desired groups.

(2) Suppose G/S(G)={(a)x;(b)=C, x,C,, where p and q are prime num-
bers such that g divides p — 1, then

®) a(G)=((p ~1)/9):|Cs(a) N S(G)|+ (g - D] Cs(b)N S(G))|.

Set L = Cs(a)N S(G)<= G and D < G such that S(G)= L X D, then {(a) acts
f.p.f. on D. Now, one simple study of the solutions from (8) for 5= a(G)=9
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TABLE 5
G/8(G) a(G) G r(G)
5 (HX;G)X C 10+5-a,-27"
6 (HX,C)X C, 12+(3-ay)
6 CX(HX, Cy=Cyx(Hx, (b)), R®=h"'VYhEH 12+ (3-ay)
C, 7 Cx(HX,Cy) 14+ (7-a4-27")
8 (CGXCXCYX(HX,C) 16 +(4-ay)
8 CxX(Hx,C)=C3x(HX, (b)), h®* =h'VheEeH 16+ (4- ay)
9 CIX(HX,C,) 18+(9-a, 27"
6 C,x(Y x,Cy) 8+|Y]
G 6 Y X, Co=Y X, {b) with y*'=y C,(b)=1 8+|Y]|
8 (C:xCYX(YX,Cy) 12+(4-a, -3
5 (C, X C)%, (G X C,) = {xyx{yNx, «a>></ (b)) 9
x*=y y*=xy x"=x, y* =xy
5 (Cix G, X CX, Za=({z) x{xyx{yN) X, {a,b) 9
2=z, 2=z x"=y, y*=xy, x* =x, y  =2xy
5 ngk 23:(<X|)X<y,>X(x2>X<y2))XA <a,b) 10
X; = yi’ y?:x',yi’ x:’:xh )’?:x-‘yi, t= 1’2
6 (Csx CYx, 3, = (<X> x <y>)>< <a b) 13
xazy’ya=x—ly ,x __x’y —leﬂ
6 (G, X C)x, DC, = ({x} x{y))X, {a,b) 10
x*=y y =y, xt =yt =xy
6 C,x3, 10
% 7 C% (CisX, C) = ((x) X{y)) X, (a, b) 13
x=y y =xy, x"=x, y" =xy
7 C;XA (CoX/C2)=((xl)x<)’|>x<x2>x(y::))xA {a,b) 18
=y, yi=xy, =yl xt=x,i=172
7 C X, (G ><C)>< C)= (H(X)X(y.))>< (ai,a,,b) 18
; —y,—y,,y, xy,—y,,x =x=x,i=172
8 CQXAC,.—(a)X (b), a®=a™" 12

8 ng)\za“«x>X<Y1>x<xz)x<)’2>)x (a,b) xl—xl—xl 14
X3= Y2 YIT Vi, V2= XY, = )’quz xz,yl—x,y,,xq—xz

8 Cx(C,x,Cy) 12
8 (Csx CS)XA (G % C;)X,CZ)—((x, y))>< {a,,a,,b) 24
x4 =x =xb’ ya=y=x9, yaz_x—lyq _yb
8 (Csx C)%, (qufcz)‘_‘(xvY)x (a,b) 24
x* =y y° =x»1y—1 = y", xt=x
8 (Crx C)x, 2, ={x,y) %, {a,b) 20
=y, y° ._x»ly—l_yb’ xt=x
3, 9 C, %3, 15
9 C3x, 3= (I{x) X {y: N %, {4, b) 24
XP= Y, yi=ayn Xi=x, yi=xy,i=123
9 C;XA (CISXICZ)z(H<xi>X<Yi>)XA (a,b) 26
XP=y, yi=ay, XI=x, yi=ny, i=1,2
9 (G X C)x, (Coy X, G} =(x,y) %, {a, b) 17

Xt =y, yt=xy, 2" =x y" =xy

5 3% 3,
5 Cpux,Cy={a)yx, (b} a*=a”’ 9

o
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TaBLE S (contd.)

G/S(G) «(G) G r(G)
5 Cox\Dy={x)X,{a,b) x°=x"'=x"a*=q"" 9
5 Cix,Qy=(x}X,{a,b) x*=x"'=x*
6 3,x D, 12
6 CIX, =y, 2) X, {a.b)
x®=1x, yu___yfl‘ Za=271’ xbzxfl’ y"=y, 7t =7
7 3.%X Dy, 15
7 DIDXDIO 16
7 CSXAD8=<x>X/\<a»b> x*=x"'=xt 13
C; 7 CiX, Qu=(x)X, {a,b) x*=x"'=x" 13
7 CZOXAC2:<a>XA (b> a’=a'' 13
7 (C3X C3)XADx=<xvy>Xx {a.by x*=x"" =x”, 15
y =y, yb:y Lat=gq"
7 (CJXCJ)XADR:OC‘)’)XA(‘Lb) x*=x""=xb 15
yr=ylLyt=y
7 (CX C)X, Qe ={x,y)X, (a,b) x*=x"", x*=x, 15
y =y =y’

7 (CIX CYX, (C)={x.y,2) X, {a,h) x*=x, x*=x"', 21
yazy—l’ybzy,Zuzz—lzzb’x1= - ,5—

8 Cix, Ci=(x,y,z)x, {a,b) x*=x" x°
ye=yTl= gt gt =gt gt

8 D XD, 20

8 (GXCXCIXA(Cx C)=({xy,z)%,{a,b) x*=y>=127
z7=1,z°=z"1= z°, ye =y—l, yb =y x°=x, xt =gt

-

X, 18

8 (CX CX CPX (G X C)={x,y,2) X, {a,b) x =y =130
2°=1, z% =27 = 2%, yazy—l‘ ybzy, x* =y xt=x"

8 C, %2, 12

9 3. X D,, 21

9 Dw X ((Cs X Cz)XfC:) 24

9 D,xD, 25

9 CX,Dy=(x)x,{a,b) a®=a"', x"=x"'=xt 17

9 Cy X, C,={a)x,(b) a*=a"' 17

9 X, Qy={(x)X, (a,b) x*=x"'=x?, 17

9 (C,XCs)XMD,;=<x,y)><M(a,b) x*=y’=1, 21
X =1x, ya:yﬂ:yb’ xt=x""

9 (CJXCS)XAszz(x-y>X,\z<avb> =y'=1, 21
x*=x"'=xt, y =y, yb — y—l

9 (C, % CS)XMDX=(x,y)><A3(a,b) x*=y*=1, 21
x*=x"", x* =x, y* =y71 :yb

C; 9 (GXC)X, Qs=(x,y)x,{a,b) y =y '=y? 21

x“=x"" x*=x

9 CiX Ci=(uy, 2z, 2,)%, {a,b) x"=x x> =x", 33
Y=y lyt=yozi=z=20, =12

9 Cix, Ci=(xy.z)x,{(a,b) x*=x x*=x", 44

ye=y7l oyt =y, 2% ==t

9 (CGXCX O} (Cx Cy={x,y,2) %X, {a,b) x*=x, 39
xb=x, ye=yl, yb =y, z¢=z"1=2"

9 C, X D, 15

9 G xQ, 15
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TABLE 5 (contd.)

GIS(G)  alG) G HG)

9 (CSXCBXCB)XAsz(x~Y7Z>XA<a7b) x*=x,xt=x"27
ye=y oyt =y 2o =g l= g0

9 (CxxC‘zXCs)XAOx=<X«)’,Z)><A <a1b> xt=x,x"=x"27
ye=y Tl yt=y 2o =g =20

5 (C;x HYX, Cy=({a)x H)X,(b) a®=a"", 8+(5-a, -4
C, H{b)=Hx(b)
6 C. X (HX,C)) 8+ (ay-27")
6 HXx,Co=Hx,(b) h*=h VheH C,(b")=1 8+ (ay 27"
6 (C,xHYX, Cy=(a)yx HYX,{b) a®=a"" 10+ (7-a, 47"
© H{b)=Hx,(b)
7 (CX Cyx HYX, Cy=({x,y) X H)X, (b) 12+9-a,-47")
x*=x7" y" =y, H(b)= H x,(b)
8 (Cux HY)X, Cy=(a)x H)X, (b) a*=a"', 14+(11-a, 47"
H(b)=Hx,{(b)
C, 8 C2x((C3XH)><»\C4)=CZX((<a>><H)XA (b)) 12+(Q-a,-27)
a®=a"', H(b)= Hx,(b)
8 (CXZYX, Co=(ayx Z)x,(b) a®=a"’, 12+(3-a,-27)
C.(b)=1,Z=1or H, z"=7VzE2Z
9 (CoxX H)X,Cy=(a)x H)x,{b) a’"=a"" 16+ (13-a,-47")
H(b)= H x,(b)
9 Cx(HX,C) 12+(-ay-47
D,, 6 Cix,Dyy={x,y,z,w)x, (a,b) a*=a', x" =y, 10
Y=z, z°=w, wi=xyzw=y® 2t =w, wt =z x*=x
5 SLE.3) 7
6 (Cix C)x%,C,
& (G X Cy X Q) %, Cy=((x,y) x{a, b)) X, (¢) 12
x‘=y, y'=xy,a°=b b°=ab
A, 8 (CGXCXCYX, A, =(x,y,2))%, {a,,a,,b) 13
xh=x= Zb, yu = y~1’ z=gz7=z%, yu=y,
xm=x"t, xb =y, yb =5
Hol(2°T,h, C,) 12
C, 8 Cx(YXC) 1042 a5
7 (GXH)X, Qy=((x)x H)X,(a,b) x"=x"'=x" 9+3-a,-8")
H{a,b)= Hx,;(a,b)
Qs 8 CX(HX,0,) 10+ (ay - 47
8 HX, (C4XAC4)=HXA ((a>><A(b>) a®=a"', 10+(aH'471)
H(a)=HX{a), H(b)= Hx,(b), H{(ab) = H X,{ab)
D, 6 (C;X C)X, De=(x,y)X,(a,b) a®=a"', x* =y, 9
ye=x" x* =1y, yb = y—l
8 CX,Q,,=(x)X,{a,b) x*=x"'=x"a*=a"' 12
8 Cox, Dy ={x)x,{a,b) x"=x"'=x* a*=q" 12

8 Gix, SD16:<x>XA (a,b) x*=x"'=x" a"=a"" 12
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TABLE 5 (contd.)

G/S(G) «(G) G r(G)
8 (CSXCS)XAD8:<x7y>X/\<avb> a®=a’', 14
=y, y"=x’],x"—-x, yb:yq
9 (C;x C)x, Dy =(x,y)x,{a,b) a®=a"" 15
D, x* =y, y“=x",x"=x, yh=y—l
9 (C:X C)X, Qs ={x,y)X, {a,b) a®=a"", 15
=y, y° =x! xt=x, yb:yq
9 (Cy X Cy) %, SD, = (x,y)Xx,{a,b) a®*=a”’ 15
=y yi=x xt=x yr=y
9 (CKXClxCS]XAD8=<x’yﬁz>XA<asb> a*=a"" 15
x* = x, Xt :__x—l, yi=z 2z°= yul’ yb =y, 26 = 5!
D14 - - -
8 Cix, HolCs=(x,y,z,w)X, {(a,b) a"=a’' 11
Hol C, x*=y=wh y*=z=y" z°=w, w* =xyzw =2z% x* =x
8 Cosx,C, 10
Cx,C, 6  Hol(C3,C x,C) 8
6  GLQ)3) 8
6  SL@2.3)-C,
8 (C,X CYx, Zy={(x,y)X, {a,b) a*=a ', x* =y, 10
s, y =x"y xt=x", yt=xy
8 CixX, 2 =(xy,z,w)X, {(a,b) a*=a ', x* =y, x*=x, 10
ye=xy=y" z°=w, 2" =xz, w* = zw, w® = xyzw
7 SLR,5) 9
7 CixyAs=(y,z,w)X, {a,b) a’=b"=1, (bay=1, 9
As x=y, ¥y =2z z°=w, w* = xyzw, x* =xy, y* =1,
b =yrw, wb = xz
9 CixX,As={x,y,z,w)X, {(a,b) x*=y y*=z2z°=w, 12
w® =xyzw, x" =yz, y* =x, 2" = xy, w’ =zw
5 HxC, 6+ (ay 67
6 (C:X C,x HYX, Co=({x,y) x H)X, (a) 8+(2-a,-37)
x* =y, y* =xy, H(a)=Hx(a)
7 (C;x HYX, Co=(x)X H)X, (a) x*=x"", 9+(ay-27")
H(a)=HX{a)
7 (CxH)X, Co=((x) X H)X, {a) x°=x* 10+ (7 a,-67")
H{a)=HX(a)
8 (CX(CX )X, Co=(xy,z)%,{a) x'=y*=27"=1, 12
x*=x"',y"=2 2"=yz
G 8 (CXx CX CXx HYX, Co=({x,y,2) X H)X, {(a) x’=1, 10""2““”
y’=z=1,x"=x"", y* =z z° = yz, H(a)= H%,(a)
9 (Cy x HYX,Cy=({x)x H)x, (a) x*=x5, 4+(13-a,-6")
H{a)=Hx(a)
9 (CXCYX, Co=(x,y)%X, (a) x*=y"=1, x*=x"" 15

ye=y?
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TABLE 5 (contd.)

GIS(G) a(G) G r(G)

9 (OXCXH)X,Co=(xy)x H)x,{a) ©’=y’=1, 13+(7]|H|-30"
x*=x"', y*=y% H(a)=HX,(a)

9 (Csx HYx,Co=((x)x H)x,{a) x*=x"" 12+(5-a4-6")
H{a)=HX{a)

5 Hx,DC, 6+ (ay -127)
7 (CsXxH)x, DC,=({(x)x H)X,{a,b) a®*=a"', 9+(5-a,-127Y)
DC, x*=1x, x*=x* H(a,b)= HX,(a,b)
8 (C;X C,x H)XDC, = ({x,y)x H)X,{a,b) 10+ (ay -37")
a*=a"', x*=y, y*=xy, x" =x, y* =xy, H(a,b)= HX,{a,b)
C, %3, 9 CiX, (C2X23)=(<xv)’>)xx (<C>XA (a,b» x<=x" 14
xt = X, y° = y—l’ x*=y, y° = x—ly—l — yb
X, G 7 0,%,,C,=(a,,a,,b)x, {c) 10
at=a,a,, ai=a,, b°=b""' ai=a,=a’
D, - — _
Cix,C, - = —
ngjos — - —
9  SL@7) 11
PSL2,7) 9  Hol(G:xC,x C) 1
9 C3-PSL(2,7) 11

applied to the cases in which G/S(G) is isomorphic to 23, Do, D1 or C;%;Cs
yields the listed groups (arguing with Lemmas 2.4 and 2.5).

(3) Suppose G/S(G)=(b)=Ci,. We have O,(S(G)=Z(G), a(G)=
2:|Cs(b)N S(G)|+15(b*S(G)) and L = Cs(b*)N S(G)=G. Set D = G such
that S(G)=L x D andset L, = C5(b)N S(G)=G.Then L, = L, rs(b’S(G)) =
(L.]+|L|)y2 and

) a(G)=2|L.|+(L|+]|L.)/2.

Now (9) yields the listed groups for 5= a(G)=09.

(4) Suppose G/S(G)=C,xC,. We have O)(S(G))=Z(G) and
Cs(c)N S(G) is a normal subgroup of G for every ¢ € G — S(G). We assume
two cases:

(i) There is ¢ € G — S(G) such that r5(cS(G)) = 1. In this case, | Cs(c)| =4,
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hence necessarily a 2-Sylow subgroup P of G is isomorphic to C, X C,, Dy, or
Qs, and G = [Oz(S(G))]P

It P=(b)*(b))=C,xC,, we have S(G)=L x K with Csb;})=1, L =
Co(b:)NS(G)=G and K =G. Therefore, rs(b.S(G)=1+(L|—-1)2,
r6(b16:S(G))=1+(|K|—1)/2 and

(10) a(G)=2+(K|-12+(L]|- 12

If P=(abla*=1=b>, a’®=a"')~Ds, we can suppose two cases: (1)
|Ca(b)l =4, 2) |Co(a)=4. I |Co(b)| =4, then OS(G))=S,x S, with
$i=Cs(a)NO0S(G))=G and S,=G. Therefore, r5(aS(G))=|S|,
r6(abS(G))=|S.| and

(11) a(G)=1+|8]+]S.].

If |Cs(a)| =4, then S(G)= E;x E, with E, = Cs(b)N O(S(G))= G, and
E>; =2 G. So, 15(abS(G)) = | Ez|, r6(bS(G)) = | E:| and

(12) a(G)=1+|E|+|E,|.

IfP= (a,b)2 Qg, then S(G)= E3X E4 with E3 = Cc(a)ﬂ Oz(S(G)), E4Sl G
and

(13) a(G)=1+|E;|+|E.|

Now fixing a(G) in the equations (10), (11), (12) and (13), we obtain the groups
corresponding to this case.

(i) We assume that r5(cS(G))=2 for each ¢ € G — S(G). Set G/S(G) =
(biy X (b;) and V = (r5(b:S(G)), 15(b:S(G)), rc(b:5,S(G))). By symmetry, we
can suppose that {(2,2,2), (2,2,3), (2,2,4), (2,2,5), (2,3,3),(2,3,4), (3,3,3)} is the
set of possible values of V. From Lemma 2.2, equation (2), we have that
16 (bS(G)) =2 implies A, = (8,8) or (6,12) and rs(bS(G)) =3 implies

A, €{(6,24,24), (8,16,16), (10,10,20), (12,12,12)}.

Now using (2.7) and distinguishing the cases in which either 2 divides | S(G)| or
|S(G)] is odd number, we obtain all the desired groups.

(5) Suppose G/S(G)= A,. We have a(G) = rs(a:S(G))+2|Cs(b)N S(G)|
with 0(@:)=2 and o(b)=3. If S(G)is 2-group, then S(G)= Z(N), where N is
the normal subgroup of G such that G/N = C;. Therefore, N/Z(N)= C, x C,.
If N is abelian, then r5(a:S(G))=|N|/4, «(G)=|N|/4+2|Cs(b) N S(G)| and
necessarily N =(C,X C)%,;C;. If N is non-abelian, we have N/Z(N)==
C,xC,, N'=[N,N]=C;, S(G)=N'xK with K<=G and rs(a;S(G))=
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| N|/8. Therefore, either G = SL(2,3), or G = (C> X C> X Qg) X, C5. On the other
hand, if O-(S(G)) is non-trivial, then since all elements of order 2 of G/S(G)
are conjugates, we have (C, X C,)* = Cls(a,) and necessarily rs(a:S(G))= 2.
Now, (2.6) and (2.15) yield G = (C; X C; X (5) X, A, with the relations given in
Table 5.

(6) Suppose G/S(G)=(b)=Cs. We have a(G)=4-|Cs(b)N S(G)| and
L=Cs(b)NS(G)=G. So $S(G)=L xK with K= G and Cx(b)=1. Conse-
quently a(G)=8 and G = C, X (Y X;C5).

(7) Suppose G/S(G)=3=[C,x C.]3s = [(a@r) X (@)] (b, ¢) with a} = a,, @} =
ad, ai = a, as= dd. Then

a(G)=r5(a:8(G)) + 15 (cS(G)) + | Cs(b) N S(G)| +| Cs(caz:) N S(G)|,

moreover ((@,) X {@.))* C Cls(a,). Now arguing as in the case G = A,, we obtain
the desired groups.
8) If G/S(G)=D;s or Qyg, then O(S(G))= Z(G) and we have

a(G) = r6(a*S(G)) + 16(abS(G)) + 15 (bS(G)) +| Cs (a) N S(G))|
if G/S(G)=(a,b|a‘=1=b%a"=a")=Dsand
a(G)=|Cs(a)N S(G)|+|Co(b) N S(G)|+|Cs(ab) N S(G)|+rs(a’S(G))

it G/S(G)=(a,b)y=Qs. Thus, OAS(G)=C,, S(G)=LxK with L=
Cs(a®)N S(G)= G and K = G. Now we easily obtain the desired groups.
9) If G/S(G)=HolC(s, then

a(G)=|Cs(a)N S(G)|+2|Cs(b)N S(G)|+ rs(b*S(G))

with 0(@)=5 and o(b)=4, S(G)=L xD with L = Cs(a)N S(G)= G and
D 3 G. Now, we obtain the desired groups fixing the possible values of a (G).
(10) Suppose G/S(G)= As. We have

a(G)=2|Cs(c)N S(G)|+|Cs(b)N S(G)| + rs(a:S(G))

with 0(¢) =5, 0(b) =3, As=(G1,a)(b) and ((a@,) X (@:))* C Cls(,). (2.15) and
r6(a:S(G)) =6 imply Ox(S(G))=1. Set L =Cs(c)NS(G). If L#1, then
necessarily L = C, and (2.8) implies that there is a T = S(G)(c) such that
S(G)=L x T. Consequently 5 divides |T|—1. If T=1, then G =SL(2,5).
Otherwise, we have | S(G)| = 2""* for some integer k, hence b does not act f.p.f.
over S(G), thus 2 divides [Cs(b)N S(G)|, rc(a:S(G))=3 and necessarily
0:(S(G)) = C; from (2.5); this is impossible. So, we can suppose that Cg(c) =
Cs. Consequently | S(G)| =2 for some integer k. By considering the conjuga-
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tion action of N, (Cs)= D,, over S{(G) we obtain that k = 1. Finally, as every
non-trivial extension of C3 by As splits (cf. [8] p. 79), it follows that either
G = C3x, As or G = C3X,,As.

It r(G/S(G))=6, then there is d € G — S(G) such that rs(dS(G))=1,
because a(G)=9. Now the study of the associated equation (1) is less
complicated, because the possible values of r5(xS(G)), x € G — S(G) are
smaller. Further, the proofs are analogous to those we have discussed above
using the lemmas from section 2, and are therefore omitted.

THEOREM 4.3.

®, ={F,|[tEN},

(Dz:{Ca}U{Fr.zltEN},

(Dsz{CA,Dlo}U{Ft,s'tEN},

®,={Cs,Cs, Dy, Qs,D2,DC5, Dy, 34, C7><fC3,A5}U{F,,4|tEN},

O, ={C, X Cy, C3 X C3,Cy%;C,, C5%,;Cy, C3%;Qy,PSL(2,7)},

(D(,:{Cn le,Dm,SDm, anxfc4,SL(2,3),Dzz,D20, CSXAC4,H01C7’
Ci3%;Cs, Ca % Ag, Ciy %, Cs, 35, PSLQ2,9} U {Fs| 1 €NL.

Proor. It is an immediate consequence from (2.17), (2.18), (2.19), (2.20),
(3.2), 4.1) and (4.2).

CoroLLARY 4.4. r(G) =7 if and only if G is isomorphic to one of the groups
with exactly seven conjugate classes listed in Table 1.

PROOF. r(G)=7 implies B(G)= r(G)—6, hence G € U}.,®, and (4.4) is
deduced from a simple inspection of the groups with 7 conjugate classes that
appear in Uf;l(b,».

LemMA 4.5.  Let G be a non-nilpotent group with S(G) abelian and satisfying
5=a(G)=9 and r(G/S(G))=7. Then G is isomorphic to one of the following
groups:

1) YXC,

(2) (C;x C3)x, SDis=(x,y)x,(a,b), a” =a’, x" =y, y* =xy, x" =x, y* =
xy ' (r=9),

(3) H X;Qs,

(4) Hx;SL(2,3),

(5) (CsxX C3)X, SL(2,3) =(x,y)Xx(a,b,c), a“=b, b*=a"'b", x* =y, y* =
xLxt=xTly, yr=xy, xt =x yt =x""y (r=10),

(6) (Csx Csx H)X, SL(2,3)= ({x,y) X H)x,{a,b,c), a“=b, b°=a"'b"",
x=y, y'=x", x"=x"y, y'=xy, x*=x, y=x""y and H{a,b,c)=
H x;{a,b,c) (r =10+ (3-(|H|-1)87").
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ProOF. If r(G/S(G))=17, then a(G) = Zi_rs(x:S(G)). Therefore, at least,
there exist three x; such that rs(x;S(G))=1, because a(G)=9. Writing the
associated equations (1) of the groups with 7 conjugate classes, we easily obtain
the desired groups.

THEOREM 4.6. @, ={Cs, DsX C,, Qi X Cy, CiX,Cy, (C4XC2)XA2C2,
GL(2,3), SL(2,3), Cs, Cis%;Cs, CiaXsCs, C3 X 25, Ci7%,Cy, C2%,Cs, C5X;Qx,
Cix;Cs,  Cix;DCs;,  C3%;SL2,3), (C:XC)Xi(Cox;Cy),  (CrX
C) X, (C3%,Cy), C3x, 35, 33%35, CiXa Dy, CXiCa, C3X,Qs, CixCs,
Hol(C3, Cy%;Cs), Cix,Cy, CoX (C3%,Cy), My, PSL(2,11)} U {F¢|t EN}.

ProoF. It follows from (2.17), (2.18), (2.19), (2.20), (3.2), (4.1), (4.2) and (4.5).

CoRrOLLARY 4.7. r(G) =28 if and only if G is isomorphic to one of the groups
with exactly eight conjugate classes listed in Table 1.

ProOF. We argee as in (4.4).

LEMMA 4.8. Let G be a non-nilpotent group with S(G) abelian such that
5= a(G)=9 and r(G/S(G)) = 8. Then G is isomorphic to one of the groups listed
in Table 6.

ProoF. If r(G/S(G))=8, then a(G) = 2., 16 (x:5(G)), so at least there are
five x; such that rs(x;S(G)) = 1, because a(G)=9. Now, writing the associated
equations (1) of the groups with 8 conjugate classes, we easily obtain the listed
groups.

THEOREM 4.9. @, ={Cs, Csx C,, Cio, A;, PSL(2,13), AsX Cs, Cio%;Cs,
C: %, Cy, C:X Dy, (Cs X Cs)X;Cy, (Cs X Cs)X. Cq, SLA2,8), C2 %24, C3%,Ds,
(CzXCz)XE,z, C;x DCs, (CsX Cs)x,Csy, CiX;Cs, CsX,Cs, CyxHolCs,
SL(2,5), (C:X C)*,DCs, (C;x C)%;SLA2,3), CiX\ As, Pi%Cs, P,%,Cs,
PGL(2,7), C:X(C:%Cs), (C:X C)%,;(SL(2,3)+ Cs), Hol(C2,SDwo)} U{F,s|t €
N}

PrOOE. It follows from (2.17), (2.18), (2.19), (2.20), (3.2), (4.1), (4.2), (4.5) and
4.8).

CoROLLARY 4.10. r(G) =9 if and only if G is isomorphic to one of the groups
with exactly nine conjugate classes listed in Table 1.

Proor. We argue as in (4.4).

LemMa 4.11. Let G be a non-nilpotent group with S(G) abelian such that
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TABLE 6
G/S(G) a(G) G r(G)
7 HXx,C, 8+ (ay 87
8 (Cox HYx, Cy= ((x)x H)X, {a), x" = x%, 10+(5-a,-87)
C, H{a)=H x,{a)
9 (C,x C X HYX, Co=(x,y) X H)X, {a), x" =y, 12+ a,-8"
y*=x"", H(a)=HX,(a)
C,xC, 9 (Cs X C)X, (Co X Cy) ={x,y)X, {a,b), x* =x7, 14
x? =1z, )"‘:)’2, yb:y—l
C.x,C, 7 H X (Cs%x,C,) 8+(a, 207"
8 (Cyx H)Xx, (CSXACA):«X)XH)XA(asb) 10+(11'aH'2071)
a®*=a',x*=x’, x*=x ', H(a,b)= HX,{a,b)
8 (C.X CYX, Co=(x,y)x,{a), x*=y"", y* =xy 10
C,x A, 8 Cix, Co={x,y,z,w)X, (@), x* =y, y* =xy, 10
zZ°=yw, w® = xyzw
8 Cix,, C.,=Hol(2T,d,C,) 10
7 P x.Cy 9
7 PZXfCB
C;X,C; 9 «QXOR)CZ)XAC3=<al»b1>azvb2)XA {c), 11
a;=b, bi=a;'b], i=12
GL(2,3) 9 Hol(C,x C,) 11
SL(2,3).C, 7 HX,(SL(Z,3)-C,) 8+ (ay -487")
Cix, G, 8 P,x,C, 10

S=2a(G)=9 and r(G/S(G))=9. Then G is isomorphic to one of the following
groups:

i) HXxC,,

(i) H x;SL(2,5),

(i) Q:1x,,C;=(ai,a,b)x,(c) with ai=ai', as=a., b° =b"" (r =10),

(iv) OQ:X,Cy=(a,b)x,{c) witha®=a’, a*=a"", b°=b (r =10),

V) O X (Cx C)=(a,,a,,b)X,(c,d) with ai=a;', al=a.', as=a,,
b°=b"",al=a;', b'=b (r=11).

Proor. If r(G/S(G))=9, we have a(G)=2i_,rs(xS(G)), therefore at
least there are seven x; such that rs(x;S(G)) =1, because a(G)=9. Now we
obtain the desired groups from the associated equations (1) for the groups with
exactly 9 conjugate classes.
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THEOREM 4.12. &y = {PSL(3,4), Mi1, Cs X C: X C3, CsX, Cs, (Cy X C) X, Cs,
Ci-%;C,, C;X)\Cﬁ, (Cs X Cs)Xf, Coy (Cs X C5)X;C, (C7X% C)X:DC;, P;x;Cy,
(C7X C7)><;Om, C;XADIO, ngA (sz Cz), C;X/\ (C§><,C2), le;\, Cz, Q,%,C,,
Q1 %5, Gy, CiyX;Cy, C3%, 25, CiX,y, Co, CosX;Cs, (Cy X C) X, Co, Hol(Cs X C,
SL(2,3)), (Cii X Ci) % SL(2,5), (Ce X Ci) X, 25}

ProoF. It follows from (2.17), (2.18), (2.19), (2.20), (3.2), (4.1), (4.2), (4.5),
(4.8), and (4.11).

CoroLLARY 4.13.  r(G) =10 if and only if G is isomorphic to one of the groups
listed in Table 2.

LEMMA 4.14. Let G be a non-nilpotent group with S(G) abelian such that
S5=a(G)=9 and r(G/S(G))=10. Then G is isomorphic to one of the following
groups:

(i) HXx,Cu,

(i) H X;(C:%x,Cy),

(i) H %; (Csx,Cy),

(iv) C3X\DCs={x1,%2, %3, X)X, {a,b) witha’ =a ', x{=x1x,, x5=x;, xi=
X3Xg, X§= X3, X1 = X1, X3 = X1Xz2, X3 = XaX3, X5 = X;X3Xs,

(v) CixaDCi=(z\,z:)%\(a,b) with z{=1z,, z5=127'25", z2'=27"23, 2=
27z,

Proor. We have r(G/S(G)) = a(G)+1, hence | Cs(x)| = | Cs(%)] for every
x € G - S(G). Now, from a direct inspection of A for r(G) = 10, we obtain the
desired groups.

TueoreM  4.15. ®,,={PSL(2,7)x C,, Sz(8), PSL(2,17), PIL(2,8),
(Asx C)X,C;, Cu, Ciz, Qi, Qz, Dz, Qs, SDs, CiXZ5, C3X Dy, CoX
(Cox;Cy), Cox,Cy, C;XAHOIC}, CiX Ay, (CrX CZ)XAC9’ (CBXC7)XfC2>
(Cs X C) X, Gy, (G X G x G %, (s, Co X ((C3 X Ci)%;Cy), 23X Do,
(G X C)XCs, (CaX Gy X )X, Cs, (C:X G X Q)X Cs, (CsX CiX G3) X, Cy,
G X (C§ X;Qg), C3X, Cy, (C3 X C3 X C3)X, Qg, (C3 X C3) X, (Ca X, Cy), C3%, Qi
G XDy, C5%,SDys, C3x, DG, (CG:X(Cox X Cs, CioX;Cy, (CsX
C) X Gy, ((QsQx)c) Xa G, CuX;Cy, CiX;Cs, Cy5X:C, Cis%;Cs, (Csx
Cs)xfcs, C29Xfc7, Q. X, (CQXfC2), Cix, DC;, Hol(CsXx Cs), SL(2,7)’
Hol(C, x C,x Cy), C3-PSL(2,7), PGL(2,9), 3¢} U{F,s|t ENJU2T U 2T

ProoF. It follows from (2.17), (2.18), (2.19), (2.20), (3.2), (4.1), (4.2), (4.5),
(4.8), (4.11) and (4.14).
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CoroLLARY 4.16.  r(G) =11 if and only if G is isomorphic to one of the groups
listed in Table 3.

COROLLARY 4.17. r(G)=12 and B(G)>1 if and only if G is isomorphic to
one of the groups listed in Table 4.

CoORrOLLARY 4.18. If r(G) =13, then B(G)=2.
CorOLLARY 4.19.  r(G)=14 and B(G)>3iff G = Ci%x,C,0r G = C3%,;C,.

CorOLLARY 4.20. Set n €N, n =15. Then r(G)= n and B(G)=n — a with
1l=a =10, ifand only if G €{F',\, F,», Fi.s, Fi,u, Fi.s, Fiee, Fi 5, Fi s} with
t=log.n, t,=log:(2n—3), t;=(~l0g.(3n—-8))2, t.=logs(dn—13), ;=
log,(6n —35), t, = (log.(7n —48))/3, t, = (log:(8n —63))/2, t;=1log:. (10n —99),
and where F'; denotes F,; if t is a natural number, and is otherwise dropped from
the list.
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